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Abstract 

It is well known that the incompressible Euler equations in two dimensions have 
globally regular solutions. The inviscid surface quasi-geostrophic (SQG) equation 
has a Biot-Savart law which is one derivative less regular than in the Euler case, and 
the question of global regularity for its solutions is still open. We study here the 
patch dynamics in the half-plane for a family of active scalars which interpolates 
between these two equations, via a parameter a € [0, |] appearing in the kernels 
of their Biot-Savart laws. The values a = 0 and a = ^ correspond to the 2D Euler 
and SQG cases, respectively. We prove global in time regularity for the 2D Euler 
patch model, even if the patches initially touch the boundary of the half-plane. 

On the other hand, for any sufficiently small a > 0, we exhibit initial data which 
lead to a singularity in finite time. Thus, these results show a phase transition in 
the behavior of solutions to these equations, and provide a rigorous foundation for 
classifying the 2D Euler equations as critical. 
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1 Introduction 


The question of global regularity of solutions is still open for many fundamental equations 
of fluid dynamics. In the case of the three dimensional Navier-Stokes and Euler equations, 
it remains one of the central open problems of classical mathematical physics and partial 
differential equations. Much more is known in two dimensions, though the picture is far 
from complete even in that case. Global regularity of solutions to the 2D incompressible 
Euler equations in smooth domains has been known since the works of Wolibner 49 
and Holder 29 . However, even in 2D the estimates necessary for the Euler global 


regularity barely close, and the best upper bound on the growth of derivatives is double 
exponential in time. Recently, Kiselev and Sverak showed that this upper bound is 
sharp by constructing an example of a solution to the 2D Euler equations on a disk 
whose gradient indeed grows double exponentially in time 35 . Exponential growth 
on a domain without a boundary (the torus T^) was recently shown to be possible by 
Zlatos 54 . Some earlier examples of unbounded growth are due to Yudovich 
and Denisov 


Nadirashvili 42 


31,52 


18,19. In a certain sense that will be made precise below. 


the 2D Euler equations may be regarded as critical, even though we are not aware of a 
simple scaling argument for such a classihcation. 


The SQG and modified SQG equations 


As opposed to the 2D Euler equations, the global regularity vs hnite time singularity 
question has not been resolved for the two-dimensional surface quasi-geostrophic (SQG) 
equation, which appears in atmospheric science models (and shares many of its features 
with the 3D Euler equation — see, e.g., The SQG equation is given by 


dtUJ -I- {u ■ V)u: = 0, 

with Ci;(-,0) = (Uo and the Biot-Savart law for the velocity 

u := V‘*'(— 


( 1 . 1 ) 


where := {dx 2 i—dxx)- Equation (1.1) has the same form as the 2D Euler equations 
in the vorticity formulation, but the latter has the more regular (by one derivative) 
Biot-Savart law 

u := V‘*'(—A)“^a;. 

The SQG equation is usually considered on either or T^, and the fractional Laplacian 
can be dehned via the Fourier transform. The equation appears, for instance, in the 


book 43 by Pedlosky and was hrst rigorously studied in the work of Gonstantin, Majda 
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and Tabak 10 where, in particnlar, a closing saddle scenario for a finite time singnlarity 

rave been ruled out in the 
Also, existence of global 


has been suggested. This scenario and some other related ones have been ruled out in the 
later works of Cordoba 


14 and Cordoba and Fefferman 15 


weak solutions was proved by Resnick 46 


We should mention that a lot of work has focused on the SQG equation and related 
active scalars with a fractional dissipation term of the form — (—A)^ci; on the right-hand 
Global regularity for the critical viscous SQG equation, with /3 = |, 


side of (1.1). 


was proved independently by Caffarelli and Vasseur [^, and by Kiselev, Nazarov, and 
Volberg (see also the subsequent works 01 for alternative proofs). The global 
regularity proof is standard for /? G (|,1] (see e.g. |30]), while in the super-critical 


case P < \ the question of global regularity vs hnite time blow-up remains open. The 
best available result in this direction is global regularity for the logarithmically super¬ 
critical SQG equation by Dabkowski, Kiselev, Silvestre, and Vicol (TtI. 


A natural family of active scalars which interpolates between the 2D Euler and SQG 


equations is given by (1.1) with the Biot-Savart law 

u := V^(-A)-^+" 


bJ. 


This family has been called modified or generalized SQG equations in the literature 
e.g., 1^, or the paper 44 by Pierrehumbert, Held, and Swanson for a geophysical 


see, 


literature reference). The cases a = 0 and ol = \ correspond to the 2D Euler and SQG 
equations, respectively. The question of global regularity of the solutions with smooth 
initial data has been open for all a > 0, that is, for any of these models which are 
more singular than the 2D Euler equations. Ironically, even though the SQG and the 
modihed SQG equations are more singular than the 2D Euler equations, no examples of 
solutions with unbounded growth of derivatives in time are known. The best result in 
this direction is arbitrary bounded growth of high Sobolev norms on hnite time intervals 
by Kiselev and Nazarov [^. The reason is that due to nonlinearity and nonlocality of 
active scalars, it is difficult to control the solutions at large times, and this task gets 
harder as the Biot-Savart law becomes more singular. This issue will be evident in the 
present paper as well. 


Vortex patches 

While the above discussion concerns active scalars with sufficiently smooth initial data, 
an important class of solutions to these equations are vortex patches 

k 
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Here 6j are some constants, ^j{t) are (evolving in time) open sets with non-zero mntnal 
distances and smooth bonndaries, and xd denotes the characteristic fnnction of a domain 
D. Vortex patches model flows with abrnpt variations in vorticity, which are common 
in natnre. Existence and nniqneness of appropriately dehned vortex patch solntions to 
the 2D Enler eqnations in the whole plane goes back to the work of Yndovich 53 , and 


regnlarity in this setting refers to snfficient smoothness of the patch bonndaries as well 
as to the lack of both self-intersections of each patch bonndary and tonches of different 
patches. 

Singnlarity formation for 2D Enler patches had initially been conjectnred based on the 
nnmerical simnlations by Bnttke p], s ee Majda 38 for a discnssion. Later, simnlations by 
Dritschel, McIntyre, and Zabnsky m 2^ qnestioning the singnlarity formation prediction 
appeared; we refer to 45 for a review of these and related works. This controversy was 


settled in 1993, when Chemin proved that the bonndary of a 2D Enler patch remains 
regnlar for all times, with a donble exponential npper bonnd on the temporal growth of 
its cnrvatnre (see also the work by Bertozzi and Constantin Q for a different proof). 


The patch problem for the SQG eqnation is more involved. Local existence and nniqne¬ 
ness in the class of weak solntions of the special type 

^(■)^) X{x2<<pixi,t)}l 

with if G C°° and periodic in xi, corresponding to a (single patch) initial condition of 
the same form, was proved by Rodrigo [^. For the SQG and modihed SQG patches 
with bonndaries which are simple closed curves, local existence was established by 
Gancedo via a study of a contour equation whose solutions parametrize the patch 
boundary (uniqueness of solutions was also proved for the contour equation for a G (0, |), 
although not for the original modihed SQG equation). Local existence of such contour 
solutions in the more singular case a G (|, 1] was obtained by Ghae, Gonstantin, Gordoba, 
Gancedo, and Wu |^. Existence of splash singularities (touching of exactly two segments 
of a patch boundary, which remains uniformly iL^) for the SQG equation was ruled out 
by Gancedo and Strain 26 


A computational study of the SQG and modihed SQG patches by Gordoba, Fontelos, 
Mancho, and Rodrigo (where the patch problem for the modihed SQG equation hrst 
appeared) suggested a hnite time singularity, with two patches touching each other and 
simultaneously developing corners at the touching point. A more careful numerical study 


by Mancho 40 suggests involvement of self-similar elements in this singularity formation 


process, but its rigorous conhrmation and understanding is still lacking. We note that 
even local well-posedness is far from trivial for many interface evolution models of huid 
dynamics, see e.g. where the Muskat problem is discussed. We refer to |4|[^ [^[5l] 
for other recent advances in some of the interface problems of huid dynamics. 
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Vortex patches in domains with boundaries 


In this paper, we consider the patch evolution for the 2D Euler equations and for the 
modified SQG equations in the presence of boundaries. The latter are important in many 
applications, in particular, in the onset of turbulence and in the creation of small scales 
in the motion of fluids. The global existence of a single patch for the 2D Euler 
equations on the half-plane D := M x M’*' was proved by Depauw 
does not touch the boundary dD initially. If it is, then 
will remain for a hnite time, while Dutrifoy 23 
to obtain global existence in the weaker space 


20 when the patch 


20 only proved that the patch 


proved a result which can be used 
for some s G ( 0 , 7 ). Uniqueness of 
solutions in the 2D Euler case follows from the work of Yudovich [5^ . 


Since we are not aware of a global existence result without a loss of regularity for (either 
one or multiple) 2D Euler patches on the half-plane which may touch its boundary, we 
will provide a proof of the global existence for such patches here. This contrasts 
with our main goal, proving finite time singularity formation for the modihed SQG patch 
evolution with a > 0 in domains with a boundary. These two results together will then 
also establish existence of a phase transition in the behavior of solutions at a = 0. For the 
sake of minimizing the technicalities, we do not strive for the greatest generality, and will 

on the half-plane, with small enough a > 0 (that 
is, slightly more singular than the 2D Euler case a = 0). Our initial condition uq will 
be the difference of characteristic functions of two patches with smooth boundaries. The 
patches will initially touch the boundary of the half-plane and, as was explained above, 
the loss of regularity or self-intersections of their boundaries, as well as touches of 
the two patches, will all constitute a singularity. 


consider patches 


as m 


p,25 


The possible importance of boundaries in the formation of singularities in fluids has 
been illustrated by recent numerical simulations of Luo and Hon 37 , which suggested a 


new scenario for singularity formation in the 3D Euler equations. The flow in this scenario 
is axi-symmetric on a cylinder and so, in a way, can be viewed as two-dimensional (see 
for a more detailed discussion). The rapid growth of the vorticity in these simulations 
happens on the boundary of the cylinder. The geometry of the construction we carry 
out in this work bears some similarity to this scenario, as well as to the geometry of the 
Kiselev-Sverak example of a solution to the 2D Euler equations with a double exponential 
growth of its vorticity gradient. In particular, in all three instances, a hyperbolic hxed 
point of the flow located on the boundary is involved. However the construction itself 
and the methods we use are quite different from earlier works. 
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The main results 


Let us now turn to the specifics. As we said above, we will only consider modified SQG 
evolution for small enough a > 0, specifically a G (0, A). The constraint a < A comes 
from the currently available local well-posedness results, while the singularity formation 
argument by itself allows a somewhat larger value. The Bio-Savart law for the patch 
evolution on the half-plane D :='R x M"*" is 

M = V^(-A)-A“a;, 

with the Dirichlet Laplacian on D, which can also be written as 

ioT X E D (up to a positive pre-factor, which can be dropped without loss due to scaling). 
We use here the notation 


v~'~ := (^ 2 , -'^i) and v := (ui, -V 2 ) 


for V = {vi,V 2 )- The vector field u given by (1.2) is divergence free and tangential to the 
boundary dD, that is, 

U 2 {x,t) = 0 when X 2 = 0. 

A traditional approach to the 2D Euler {a = 0) vortex patch evolution, going back to 
Yudovich (see 41 for an exposition) is via the corresponding flow map. The active scalar 
u} is advected by u from (|1.2) via 


where 


uj{x,t) = 0 ; (4)^ ^(a;),0) , 


^$i(a;) = M($t(x),f) and <ho(a;) = x. 


The initial condition ojq for (1.2[)-(|L4) is patch-like. 


N 

k=l 


(1.3) 

(1.4) 

(1.5) 


with 61 ,... , 6 n 7 ^ 0 and Doi,...,DoAf A D bounded open sets, whose closures are 
pairwise disjoint and whose boundaries SDofc are simple closed curves. 


One reason the Yudovich theory works for the 2D Euler equations is that for uj which 
is (uniformly in time) in fl L°°, the velocity field u given by (1.2) with a = 0 is 
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log-Lipschitz in space, and the flow map <hi is everywhere well-deflned. In onr situation, 


when O' is a patch solution and a > 0, the flow u from (1.2) is smooth away from the 


patch boundaries dVLk{t) but is only Holder at dVtk(t) which is exactly where one needs 
to use the flow map (see Lemma 4.1 for the corresponding Holder estimate). Thus, the 


Yudovich definition of the evolution may not be applied directly, as the flow trajectories 
need not be unique when u is only Holder continuous. We will instead use a natural 


alternative definition of patch solutions to (1.1)-(1.2), which will be equivalent to the 


usual definition in the 2D Euler case, and closely related to the definitions used in earlier 
works on modified SQG patches. In order to not interrupt this introduction, we postpone 
the precise discussion of these points to Section — see Definition ^ and the rest of 
that section. 


The following local well-posedness result is proved in the companion paper 
Theorem 1.1. ( ’36^) If a E (0, then for each patch-like initial data ojq, there 


exists a unique local patch solution uj to (1.1)-(1.2) with Ci;(-,0) = ojq. Moreover, if 
the maximal time of existence of oj is finite, then at a singularity forms: either 
two patches touch, or a patch boundary touches itself or loses regularity. 


The hypothesis a < ^ in Theorem 


1.1 


may well be an artifact of the local existence 
proof, but we still will need a ’’small a” assumption, even though less restrictive, in the 
finite time singularity proof below. The last claim in this theorem means that either 

for some k ^ i, or is not a simple closed curve for some k, or 

lim ||Dfc(f)||H3 = oo 

t 1 UJ 

for some k, where the above norm is the norm of any constant-speed parametrization 
of dklk{t) (see Definition |2.1| below). Note that the sets 

dVtk{T^) := lim dVtk{t), 

ty^Tui 

with the limit taken with respect to the Hausdorff distance dn, are well defined if < oo 


because u is uniformly bounded — see Lemma 4.1 below. In fact, 36, Lemma 4.10] yields 

dH{dVL{t),dVt{s)) < ||M||£,oo|t — s| 

for t,s E [0,T^). 

We can now state the main results of the present paper — global regularity of 
patch solutions in the 2D Euler case a = 0, and existence of patch solutions which 
develop a singularity in finite time for small a > 0. 
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Theorem 1.2. Let a = 0 and 7 G (0,1]. Then for each patch-like initial data ujq, 
there exists a unique global patch solution uj to (1.1)-(1.2) with C(;(-,0) = coq. 


Theorem 1.3. Let a G (0, ^). Then there are patch-like initial data uq for which 
the unique local patch solution oj to (1.1)-(1.2) with a;(-,0) = uq becomes singular in 
finite time (i.e., its maximal time of existence T^ is finite). 


To the best of our knowledge, Theorem |1.3| is the hrst rigorous proof of hnite time 
singularity formation in this class of fluid dynamics models. Moreover, Theorems 
and |1.3| show that the a-patch model undergoes a phase transition at a = 0, which 
provides a reason for calling the 2D Euler equations “critical”. 

Let us now describe the type initial conditions, depicted in Figure which will lead 
to a singularity for a > 0 . As we have mentioned above, our choice of initial data is 



motivated by the numerical simulations of the three-dimensional Euler equations in 37 


as well as by the example of smooth solutions to the 2D Euler equations with a double 
exponential temporal growth of their vorticity gradients in 35 . The initial condition 


consist of two patches with opposite signs, symmetric with respect to the X 2 -axis and 
touching the xi-axis. The patches are sufficiently close to the origin and have a sufficiently 
large area. It can then be seen from (1.2) that the rightmost point of the left patch on 
the xi-axis and the leftmost point of the right patch on the xi-axis will move toward 
each other (see Figure]^. In the case of the 2D Euler equations a = 0, Theorem 1.2 
shows that the two points never reach the origin. When a > 0 is small, however, we 
are able to control the evolution sufficiently well to show that — unless the solution 





















develops another singularity earlier — both points will reach the origin in a hnite time. 
The argument yielding such control is fairly subtle, and the estimates do not extend to 
all a < |, even though one would expect the singularity formation to persist for more 
singular equations. 

We note that we will actually run the singularity formation argument for the less regular 
patch solutions. However, we do not currently have local well-posedness theorem in 
this class for a > 0, even though existence of such solutions follows from existence of 
the more regular patch solutions. Since our argument requires odd symmetry, which 
would follow from uniqueness due to the symmetries of the equation, it effectively shows 
that there exist patch solutions which either have a hnite maximal time of existence 
(i.e., exhibit singularity formation) or lose uniqueness (and odd symmetry). 

Throughout the paper we denote by C, etc. various universal constants, which may 
change from line to line. 

Acknowledgment. We thank Peter Cuba, Bob Hardt, and Giovanni Russo for useful 
discussions. We acknowledge partial support by NSF-DMS grants 1056327, 1159133, 
1311903, 1411857, 1412023, and 1535653. 


2 Vortex patches and low regularity velocity fields 


In this section, we make precise the notion of the patch evolution for a > 0 and recall 
additional existence results from 


36 which we will need in the proof of Theorem 1.3 


The definition of the patch evolution 


As we mentioned above. Holder regularity of the huid velocity u at the patch boundaries 
is not sufficient for a unique dehnition of the trajectories from (1.4) when a > 0. We 
start with a dehnition of the Holder and Sobolev norms of the boundaries of domains 
in which will make the notions of and patches precise. 


Definition 2.1. Let Q O be a bounded open set whose boundary dLl is a simple closed 
curve with arc-length |df2|. A constant speed parametrization of dQ is any counter¬ 
clockwise parametrization z : T —)■ of dVt with \z'\ = on the circle T := [—7r,7r] 

(with ±7r identified), and we define ||f2|| and := ||z||//m. 


It is not difficult to see (using Lemma 3.4]), that a domain G as above satis- 
hes < oo (resp. ||H||h™ < oo) precisely when for some r > 0, M < oo, and 
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each X G dfl, the set dfl fl B{x,r) is (in the coordinate system centered at x and with 
the axes given by the tangent and normal vectors to dQ at x) the graph of a function 
with (resp. H^) norm less than M. 

We denote by ^^(r, F) the Hausdorff distance between two sets F, F. For a set F C 
a vector held n : F —>■ and h G M, we let 


X^[T] := {x + hv{x) : X G F}. 


Our dehnition of a patch solution to (l.l)-(L^ in the half-plane is as follows. 


Definition 2.2. Let D := M x let 6 i,... G M \ {0}, and for each t G [0,T), 
let fli{t),... jQ^it) C D be bounded open sets with pairwise disjoint closures whose 
boundaries dQkit) are simple closed curves, such that each dVLkif) is also continuous in 
t G [0,T) with respect to dn- Denote D{t) := 


N 

u;{x,t) := '^9kXQ^^t){x). 

k=l 


( 2 . 1 ) 


If for each t G (0,T) and u from (1.2), we have 


dH[dD{t + h),X^^^^[dD{f)] 
lim-^^^ = 0, 




h 


( 2 , 2 ) 


then oj is a patch solution to (1.1)-(1.2) on the time interval [0,T). If we also have 


sup ||0fc(f)||c-,7 < oo 

te[o,T'] 


resp. sup < oo 

te[o,T'] 


for each k and T' G (0,T), then u is a (resp. H^) patch solution to ( |1.1| )-( [F2| ) 

on [0,T). 


Lemma 4.1 below shows that u is Holder continuous for patch solutions, thus (2.2) 


says that dVt is moving with velocity u{x,t) at any t G [0,T) and x G dD.{t). 

This dehnition generalizes the well-known dehnitions for the 2D Euler equations in 


terms of (1.3)-(1.4) or in terms of the normal velocity at dll. Indeed, if u satishes 


dklk{t) = <Ft(cir2fc(0)) for each k and t G [0,T), the patches have pairwise disjoint closures, 
and their boundaries remain simple closed curves, then continuity of u, compactness of 


dkl{t), and (1.4) show that a; is a patch solution to (1.1)-(1.2) on [0,T). Moreover, if 


dQ{t) is and is fhe outer unit normal vector at x G dLl{t), then (2.2) is equivalent 
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to the motion of dQ{t) with the outer normal velocity u{x,t) ■ rix^t at each x G dVt{t) 


(which can be dehned in a natural way by (2.2) with «(•, t) replaced by («(•, t) ■ n. 
However, Dehnition 2.2 makes sense even if $t(x) cannot be uniquely dehned for some 
a:, or when dVt{t) is not C^. 


It is not difficult to show 


see 


36 , Remark 3 after Dehnition 1.2) that patch 
solutions to (1.1)-(1.2) are also weak solutions to (1.1) in the sense that for each / G 
C^{D) we have 


— f u{x,t)f{x)dx = f u{x,t)[u{x,t) ■ Vf{x)]dx 
dt J D Jd 


(2,3) 


for all f G (0,T), with both sides continuous in f. Also, weak solutions to (1.1)-(1.2) which 


are of the form (2.1) and have boundaries dQk{t) which move with some continuous 
velocity u : x (0,T) —>■ (in the sense of (2.2) with v in place of u), do satisfy (2.2) 


with u (hence they are patch solutions if those boundaries are simple closed curves and the 


domains have pairwise disjoint closures). Moreover, (2.3) also leads to |Dfc(f)| = |Dfc(0)| 
for each k and t G [0, T) — see an elementary argument at the end of the introduction 
of 


36 


We also note that in the 2D Euler case a = 0, it is not difficult to show via the 
standard approach of Yudovich theory that there is a unique global weak solution u to 


(1.1)-(1.2) on D with a given Ci;(-,0) as in Dehnition 2.2, and it is of the form (2.1) with 
dklk{t) = d>t(c?Dfc(0)). (We spell out this argument in Section]^) Thus, the above shows 
that as long as the patch boundaries remain pairwise disjoint simple closed curves, u is 


also the unique patch solution to (!.!)-(1.2). 


Relation of patch solutions to the flow map <I)t in the modified SQG case a > 0 


The companion paper [^, which proves Theorem 1.1 as well as the same result on 
for all a G (0, |) (thus extending the results of 47 for inflnitely smooth SQG patches 
of a special type on to all modifled SQG patches), also provides a link between 


patch solutions and the flow map from (1.4) which will be important in our flnite 


time singularity proof. Note that since u is smooth away from dD, the trajectories <ht(a;) 
remain unique at least until they hit dQ (in the Euler case, ‘ht(x) is always unique because 
u is log-Lipschitz). However, after hitting a patch boundary, the trajectory still exists 
but need not be unique. Part (a) of the following result from shows that for a < | 
and patch solutions with boundaries, the flow lines which start away from dD(0) 
will stay away from dQ(t) as long as the solution remains regular (note that we have 
H\T) C Gi’i(T)). 
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Theorem 2.3. ( Foruj as in the first paragraph of Definitio n\2.^ and x G D\dfl{0), 
let ti^^x ^ [0)^] maximal time such that the solution of (1.4) with u from El 

satisfies $t(x) G H \ dfl(t) for each t G 


(a) If a & (0, |), 7 G 1]? u is a patch solution to (1.1)-(1.2) on [0,T), 

then ti^^x = T for each x E D \ 911(0) and 

: [D \ 911(0)] ^ [.D \ 911(1)] 

is a bijection for each t G [0,T). 


(b) If a E (0, |), t^^x = T for each x E D \ 911(0), and ■ [D\ 911(0)] -E- [D\ 911(1)] 
is a bijection for each 1 G [0,T), then oj is a patch solution to (|g)-(|g on [0,T). 
Moreover, <l)t is measure preserving on D\dfl{0) and it also maps each llfe(O) onto 11^(1) 
as well as D\ 11(0) onto D \ 11(1). Finally, we have 


<l>t(911fc(0)) = 911fc(l) 


for each k and 1 G [0,T), in the sense that any solution of (1.4) with x G 911^(0) 
satisfies 4>t(a;) G 911^(1), and for each y E 911^(1), there is x E 911^(0) and a solution 
of (1.4) such that 4>i(a;) = y. 


3 Global well-posedness for the Euler case o = 0 


In this section we prove Theorem 


1.2 


3.1 Proof of Theorem 1.2 in the single patch case 


For the sake of simplicity of presentation, we hrst consider a single patch 11(1) C D, with 

uj{,x,t) = dxn(t)(x). 

Later, we will show how to generalize this to hnitely many patches. We may assume 
without loss of generality that both 0 = 1 and |ll(l)| = |11(0)| = 1, as the general single 
patch case then follows by a simple scaling. The local-in-time existence and uniqueness 
of patch solutions for this initial value problem was proved in 20 . We will therefore 


focus on estimates which will allow the solution to be continued indefinitely. 
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Our approach is a combination of the techniques form and a rehnement of the 
estimates in 20 . Following [^, we reformulate the vortex-patch evolution in terms of 
the evolution of a function ip{x,t), which dehnes the patch via 

Q{t) = {ip{x,t) > 0}. 


First, if 50(0) is a simple closed curve, there exists a function ipo G O^’'^(O(0)) such 
that (^0 > 0 on ^(0); = 0 on 50(0), and 


inf |V(po| > 0. 
ao(o) 

One can obtain such ipo, for instance, by solving the Dirichlet problem 

-A(y9o = / on 0(0), 

93o = 0 on 50(0), 


(3.1) 


with 0 < / G O“(O(0)). It follows from the staii dard elliptic estimates (see, e.g., 27 


Theorem 8.34]) that (po G O^’'^(O(0)), while (3.1) is a consequence of Hopf’s lemma, 
which holds for C^’’^ domains by a result of Finn and Gilbarg (see also Section 
10 ]). 


Consider now the flow map (1.4) corresponding to the Biot-Savart law for the Euler 
equation on the half plane. 


u{x, t) = 


{x - y)- 


-dy - 


{x - y)- 

k - y? 


■dy =: v{x, t) — v{x, t), 


’n(t) \^ ~ y\‘^ Jn{t) 
with 0(t) the reflection of 0(f) across the xi-axis. For x G 0(f), we set 

p>{x,t) = (^o(<h7^(a:)), 

with the inverse map, so that ip solves 

dtpi + u ■ V</9 = 0 


(3.2) 


on {(f, x) : f > 0 and x G 0(f)}. Thus, for each f > 0, (p{-,t) > 0 on 0(f), it vanishes on 
50(f), and it is not dehned on \ 0(f). We now let 


and dehne 


w = (wi, W 2 ) ;= V-^ip = {d^^(p, -d^,ip), 

w{x,t) -w{y,t)\ 


(3.3) 


^lit) sup 

^00 (^) • ||'^(*5 II : 

Anf(t) := inf I'«;(a;,f)|. 

xGdQ{t) 


\x - y\' 
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By our choice of (^o, we have 


A^(0), Aoo(O), Ainf(O) ^ < CX). 

Moreover, w is divergence free and satishes 

Wt + u- Vw = (Vu)w. 
Proposition 1 in and \ = 1 yield 


||Vn(-,f)||Lcx>(R 2 ) + ||Vh(-,f)||Loo(R 2 ) < 1 + log 


A(^) 

Anf(t) 


(3.4) 


(3.5) 


with log_,_x := max{logx,0} and some universal < oo. Hence, we obtain from (3.4) 
(after doubling C-y): 


< CyA^it) + log^ 
^(„f(t) > -CyA^^iit) + log. 


Mi) 

Ainiit) J 

Ay(t) 


Anf(^)/ 


(3.6) 

(3.7) 


The main step in the proof will be to get an appropriate bound on Ay{t). A simple 

(3.8) 


calculation and (3.4) yield 


Ay{t) < 7||VM(-,t)||Lc.(R2)A^(t) + ||VM(-,f)n;(-,f)||c^(f^(i)) 

Our goal will now be to show 

^7 (^) 

Ainf(t) 


l|VM(-,t)w(-,t)|| 

C"^(n(p) — C,7,(i) I 1 + log 


(3,9) 


with some universal Cy < oo. This and (3.5) turn (3.8) into 


A'y{t) < CyAy{t) + log^ 


Ainf(t) 


(3.10) 


It follows from (3.10) and (3.7) that the ratio 


A{t) := 


Ay{t) 


satishes 


Ainf(t) 

A{t)<CyA{t){l + \og^A{t)). 
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Therefore, A{t) grows at most double-exponentially in time, and the same estimate 
for Aoo(t), Ainf(t)“^, and A^{t) follows from (3.6), (3.7), and (3.10), respectively. This 
then proves Theorem 1.2 for a single patch because the above bounds on A^(t), Ainf(t) 
and Aao{t) imply that the patch boundary cannot touch itself and must be at time 
t (hence the local-in-time solution can be extended indehnitely). 

Thus, the proof for a single patch is reduced to ( 3.9[ ). The time variable will not play 
a role here, so we will drop the argument t in what follows. We split {'Vu)w as 

{Vu)w = (Vv)w + {Vv)w. 

Since v is generated by the patch hi, and w is tangential to dil, Corollary 1] gives 

ll(Vn)w||c7(n) < (3.11) 

with a universal C^. Note that in tc is defined in and all the norms are over 
We can use Whitney-type extension theorems 48, Sec 6.2, Theorem 4] to extend our (p 
to all of so that its C^’’^ norm increases at most by a universal factor C.y < oo. This 
and now yield (3.11). Notice that this extended cp does not necessarily solve (3.2). 

By ( |3.11D and ( |3^ , ||(Vu) ■^11 0 -^( 0 ) is indeed bounded by the right-hand side of ( |3.9[ ). 
Thus, it suffices to show that ||satisfies the same estimate. As w is not 

tangential to the boundary of 11, which generates v, we cannot directly apply the methods 
from [^. Let us take the above extension of (p to and dehne 

(p{x) := p>{x) and w := — 

with X = {x\, —X 2 )- Then w is tangential to dVt and 

ll'^llc'^(R2) < C^A^^ 

Thus, Corollary 1 of again yields 


A 


ll(Vh)M)||c^(fi) < C'^||Vu||l^(k 2 )||m;||^^(jj 2 ) < C^A^ |^1 + log+ — 

Hence, it suffices to prove the following bound. 

Proposition 3.1. If ip : Q ^ [0,cxd) is positive on fl 'O D and vanishes on dQ, then, 
with v,w,w, A^, Ai^f as above (and some universal < oo) we have 


||Vh(M; - w)llc^(f^) < C^A^ (1 + log+ — 


A. 


(3.12) 
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Let us introduce some notation: for any x G \ define 

d{x) := dist(x, f2), 


let Px G dfl be such that dist(x,P 3 ;) = d{x) (if there are multiple such points, we pick 
any of them), and let be the reflection of P^ across the xi-axis. For an illustration of 
w,w,d{x),Px,Px, see Figure]^ 




and d{x), Px, Px for x G 


For arbitrary x,y & Q we can assume, without loss of generality, that d{x) < d{y). 
Then, with g := (Vv){w — w), we have 


\9{x) 


X 


-g{y)\ . , .||| |Vh(x 

<|Vn(|/)|||u; - + - 


Vh(|/)| 


y\' 


\w[x] 


W(X 


X 

Ti{x,y) 


)|. 


T2ix) 


Since the hrst term on the right-hand side is bounded by the right-hand side of (3.12) 
due to (3.5) and the dehnition of w, we only need to obtain the same bound for the 
second term. We will estimate Ti and T 2 separately, in terms of Aj, Amf, d(x), and 
\w{Px)\ = \w{Px)\. 


Let us start with T 2 . We estimate 


T 2 (x) < \w{Px) - w{Px)\ + \w{Px) - w(x)| -F \w{Px) - w(x)| < 2 C^Ayd{xy + 2 \w2{Px)\, 
where we used the inequality 


dist(x, Px) < dist(x, Px) = d(x) 
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to bound the last two terms in the middle expression by C^A^d{x)'^, while the hrst term 
equals 2 \w 2 {Px)\ because 

w{Px) = {Wi{Px),-W2{Px))- 
The following lemma will allow us to control \w 2 {Px)\- 

1 

Lemma 3 . 2 . For any P = {pi,P2) ^ dQ, we have \w2{P)\ < 2 {A^p2\w{P)\'^)^+'y. 

Proof. Denote by 0 G [0, |] the angle between V(p(P) and the X 2 -axis (see Figure |^, so 
that 

\w2iP)\ = \W(p{P)\sme < 2|Vv7(P)|sin^. (3.13) 

If 6* = 0, then we are done. Otherwise, let u denote the unit vector such that the angle 
between u and Vp{P) is f — | (so z/ points inside D at P) and 02 < 0. Draw a ray in 
the direction v and originating at P, and denote by Q its intersection with the xi-axis. 
Note that Q ^ P since P 2 > 0 due to 9 ^ 0. 



Figure 3: The dehnitions of 9, 


The length of the segment PQ is 


\PQ\ = 


P2 

sin/?’ 


where either /? = | or fh® latter if {V(p{P ))2 < 0. In either case we have 


\PQ\ < 


P2 


sm{9/2)' 


We also have 


V(p{P) ■ V = |V(p(P)| sin 2 ^ 


and \Jp ■ V must change sign on the segment PQ because Q and (p = 0 on dVL. As 

l|V(^il C7(o) < 
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we obtain 


7 


I V</9(P)| sin - < A 


P2 


2 - Vsin(0/2) 


Raising this to power and using (3.13) yields 


\W 2 {P)\ < 2|V(p(P)|sin^ < 2(A.,p^|V(p(P)r)^ . 


Since \V(p{P)\ = |w(P)|, the proof is complete. 


□ 


The above lemma applied at P := P^, along with |ta(Pj.)| = \w{P^)\, now yields 

T2 {x) < 2C^A^d{xy + 4{A^d{xy\w{P^)p)^ . (3.14) 


Next we bound Ti. 


Proposition 3.3. With the hypotheses of Proposition 3.1, for x,y G with d{x) < d{y) 
we have 


Ti{x,y) := 


I Vh(x) — Vv{y)\ 

Ix-yl'f 


< 1 + log^ 


A. 


Ai 


inf 


mm 


A. 


MP.)\ 


,d{x] 


-7 


(3.16) 


A related but weaker bound (which does not suffice here) was proved in 20 . Before 


proving Proposition 3.3 let us hrst complete the proof of Proposition 3.1 


Proof of Proposition 3.1 The bound (|3.15|) implies 

A, 


Ti{x,y) < 1 + log. 


A) 


inf 


mm 


A. 


MPx)\ 


Multiplying this by (3.14) gives 


Ti{x,y)T 2 {x) < C^A^ |^1 + log., 


7 

1+7 _ 

d{x) ^+'y,d{x) 


A. 


A 


inf 


As we have explained above, this yields (3.12) and concludes the proof. 


□ 


We are left with proving Proposition 3A We start with the following simple lemma. 
Lemma 3.4. When d{x) < d{y) for x,y E Q, we have (with a universal C < oo) 


\x-y\^ 7 


(3.16) 
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Proof. The mean value theorem yields 


I Vh(a;) — Vv{y)\ 
Ix-yl'f 


< \V^v{Z^y)\\x - y\ 


1-7 


for some point Z^y on the segment connecting x and y. Since hi is the reflection offl^D 
with respect to the xi-axis, we have d{x) G [x 2 , 2 x 2 ] and d{y) G [ 1 / 2 , 21 / 2 ]• As d{x) < d{y), 
we then obtain 

d{Z^y) > m.m{x2,y2} > 

Moreover, for any Z G \ 12 we have (with a universal C < 00 ) 


lR^\B{Z,d(Z)) 

Combining these estimates, we obtain 
I Vu(a;) — Vv{y)\ 


\V‘^v{Z)\< I ^ dz<Cd{Z)-\ (3.17) 

\Zj — z\ 


\x-y[ 


< Cd{Z^y)-^\x - y\^-^ < 2Cd{x)-^\x - y\^-^. 


If \x — y\ < d{x), then (3.16) follows because 7 < 1. 

If \x — y\ > d{x), let 

Qxy = {xi,X 2 + 2\x - y\), 

and connect x and y hj a. path consisting of the segments [xQ^y] and [QxyV] ■ Then 

\Qxy - y\ <^\x - y\ (3.18) 

yields 

< f + s{Q^y - x))\ds + f \V‘^v{y + s{Q:^y - y))\ds. (3.19) 

'jp y\ Jo Jo 


Note that 

and we also have 

due to 


d{x + s{Qxy — x)) > ma.x{d{x), 2s\x — y\}, 


d{y + s{Qxy - y)) > s\x -y\> -\Qxy - y\ 


(3.20) 


{Qxy-y)2 >\x-y\ 


and (3.18). It then follows that 

d{y) < d{y + s{Qxy - y)) + s\Qxy - y\ < 4d(?/ + s{Qxy - y)), 
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so by d{x) < d{y) and the above we have 


d{y + s{Q:j;y - y)) > max 


d{x) 


,s\x-y\ \ , 


in addition to (3.20). Combining these estimates with (3.17), we obtain 


d{x) 


|V"W-V’'fa)l <c|:.-yp-d f'-"'d(x)-'ds+ I (s\x-y\)-'ds 

\x — yp \ ./n .1 


\x-y\ 


<C\x-y\-^ [I + log < -d{x)-^ 

d[x) ) 7 


becanse \x — y\ > d{x). 


□ 


We continne the proof of Proposition 3.3 Dne to Lemma 3.4, to prove (3.15) we only 
need to consider the case 


d{x) < & 




A, 


for any hxed C < cxd. Let ns pick C := 16(4C-j,)^/'>', with the nniversal constant from 


the remark abont Whitney extensions after (3.11), so that if we let := 111511(77(82) and 


To-. := 


MP.)\ 

2W 


1/7 


it snffices to consider d{x) < 2 ^ (becanse < C-yA^) 


Hence, the next lemma hnishes the proof of Proposition 3.3 


Lemma 3.5. When d(x) < min{(i(|/),2 ^ forx,y G hi, we have (with a universal 

constant Cy < 00 ) 


|Vf,(x) - Vf,(,^ ^ p (1 + log. 


\x-y( 


A. 


Anf/ \w{Px)\' 


(3.21) 


In the proof of this lemma, the following improvement of (3.17) will be nsed to con¬ 


trol |Vi'(x) — Vn(i/)|. Its proof is postponed nntil the end of this section. 

Lemma 3.6. For any a; G with d{x) G (0, \rx], we have (with a universal Cy < 00 ) 

|VA(a;)| < Cyd{x)-^^^r-P 
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Proof of Lemma L5 , Let us first assume 

\x-y\> 

so that 


\x — y\ < 64C^ 


A. 


\w{Pcc)\' 


Then (3.21) follows from the estimate 

\Vv{x) - Vv{y)\ < 2||Vh||Lo 


and (3.5) (the latter holds for any il,Lp as in Proposition 3.1 — see Proposition 1]) 


Assume now that \x — y\ < 2 As in Lemma 3.4, let 

Qxy = (xi,X 2 + 2\x - y\), 

and connect the points x and y hj a. path consisting of the two segments [xQ^y], [Qxyy], 
again parametrized by 

Zi{s) = X + s{Q^y - x) and Z 2 {s) = y + s{Q^y - y), 
for s e [0,1] (see Figure]^. Then we again have 

d(zi(s)) > s|x - yj 

for i = 1,2 and s E [0,1]. 



Figure 4: The point Qxy and the paths ; 2 i(s) and Z 2 {s). 


We also have 

| 2 :j(s) — Px\ < l^i(s) — x\ + d{x) < 2\x — y\ + d{x), 
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so 


d{zi{s)) < 2 2 


These imply 


Pziis) e B{P^,2 ^ c := B{P^,r^). 

Note that for all z & B^ we have 

\w{z) - w{P^)\ < 


(3.22) 

(3.23) 

(3.24) 


Thus, (3.23) gives 


implying 


From (3.22) it now follows that 


\w{P,.^s))\ > ^\w{Px)\, 


rzi(s) > 2 


d{zi{s)) < 


Thus, Lemma 3.6 applies to Zi{s) and yields (together with the above estimates) 
|V2h(zi(s))| < C'^d(zi(s))-^+%J) <2C^{s\x- y\)-^+^r-p 


Then (3.19) implies 


I Vh(x) — Vv{y)\ 
\x-y\z 


12 C^ 


<12C^\x—y\^ / (s|x —|/|) ^'^r^'^ds< - -r^'^ < 


24aa A 


7^7 


7 


which gives (3.21). 


7 \w{Px)y 

□ 


3.2 Proof of Theorem 1.2 in the general case 


We now consider an initial condition uo with an arbitrary number of patches and arbitrary 
values of 6*^ as in the statement of Theorem |1.2[ and extend it as an odd function to X 2 < 0. 
By 39, Theorems 8.1 and 8.2], there is a unique global weak solution uj to (1.1) with the 
whole plane flow 


u{x,t)=[ Y — ^^iy^'t)dy, 
2 k 2 \x — y\ 

and the initial data a;(-, 0) = ojq, in the sense that 


(3.25) 


/ uj{x,T)g{x,T)dx— uo{x)g{x,0)dx = / uj{x,t)[dtg{x,t)+u{x,t)-'Vg{x,t)]dxdt 

'd Jd J Dx{ 0 ,T) 
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for all T < cx) and g & C^{D x [0, T]). This solution is also a collection of vortex patches 


N 




k{t) ’ 


k=l 


with ^lk{t) = d)t(f2fc(0)) for each k 41, Chapter 2, Theorem 3.1], Note that ‘hi(x) is 
uniquely dehned for any a; G due to the time-uniform log-Lipschitz apriori bound 


\u{x,t) - u{y,t)\ < C^^\x - y \log (l -1- |x - y\ 


(3.26) 


forti (see, e.g., 39, Lemma 8.1]), with the constant depending only on HcjoHli and ||a;o||L°°- 
Uniqueness shows that u remains odd in X 2 , thus its restriction to H x [0, oo) is also the 
unique weak solution to (1.1), ( 3.25[ ) (and it is unique such with uj{-, 0) = ojq because an 
odd-in-a:2 extension of a weak solution on H x [0, cx)) is a weak solution on x [0, C)o)). 
It follows from (1.4), continuity of u (which is obtained as the last claim in Lemma |4T 
below but using (3.26) instead of (4.7)), and compactness of dfl(t) x {t} that (2.2) holds 
for each t > 0. Hence, if we show that is a family of disjoint simple closed 

curves for each t > 0, and 

sup max 1112 ^(^) 11 ( 71,7 < oo 

t&[0,T] ^ 


for each T < oo, then uj will also be a patch solution to (1.1)-(1.2) on [0, oo). 
Moreover, since patch solutions are weak solutions in the above sense as well (it is 


easy to see that (2.3) implies this), oj must then also be the unique patch solution. 


Note that (3.26) yields 


mmdist{Qi{t),Qk{t)) > ^(t) >0 

i^k 

for all t > 0, where 5{t) decreases double exponentially in time. This will ensure that the 
effects of the patches on each other will be controlled. Therefore, it remains to prove that 
each dflkit) is a simple closed curve with ||clf 2 fc(t)||( 7 i ,7 uniformly bounded on bounded 
intervals. 


Let us decompose 


N 


U = 




2 = 1 


with each Ui coming from the contribution of the patch flj to u. \i i ^ k, then obviously 

||V”Mi(-,t)||i,oo(n^(t)) < C(a;o,n)5(t)"’""\ 
for all n > 0. This yields 

II ^)ll(j'7(Oj,(t)) ^ C{LJQ)S(t) 


\-3 
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for i ^ k. Also, simple scaling shows that (3.5) now becomes (for each i and with Vi,Vi 
dehned analogously to v, v) 

II + ||VS.(., ()lli~(««) < c,|9.| (^1 + log+ ■ 


We now consider a separate ipk and wu '■= for each all ipk evolving with 

velocity u. We also add sup^ in the dehnitions of and A^o and inf^ in the dehnition 


of Ainf. We can repeat the proof above, with (3.9) replaced by (for each k and t > 0) 


< C^QA^ |fi| + log^ 

^inf 


A. 


i^k 

< C^NQA^ ( |fi| + log+ 4 ^] + C{uo)N6-^A^, 


Ai 


inf 


where 


0 := max 16*^1 

1<A;<V 


and Ifll := 1 + max |flfc(t)| = 1 + max |f2fc(0)|. 

l<fc<V l<fc<Ar 


Then (3.10) is replaced by 


A'(t) < C^NQA^it) |fl| + log 


Mi) 

Ainf(t) 


-\-C(ujq)N 5(t) ^Aoo(t). 


From this and (3.6), (3.7) a simple computation shows that 

A(t) := A^(t)Aia{{t) ^ + Aoo(t) 

satishes 

A\t) < C{'y,N,ujo)A{t) + log+A(t) j . 

Since S{t)~^ increases at most double exponentially in time, it follows that A(t) increases 
at most triple exponentially. As before, this implies that each dflk{t) is a simple closed 
curve with ||c}flfc(t) ||(7i,7 uniformly bounded on bounded intervals. Hence a; is a global 


patch solution to (1.1)-(1.2), thus hnishing the proof. 


3.3 


Proof of Lemma 




Let us start with a simple geometric result concerning the behavior of dQ near P^, which 
is similar to the Geometric Lemma in [^ . It says that dfl fl is sufficiently “flat”. 
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Lemma 3.7. Given x G \ let := V(p{Px)/\^^{Px)\, o,nd 


Sx.= 


\^Px + pv ■■ pe [0,rj:), \v 


1 , 



>2\v-nx 



(3.27) 


If u is a unit vector and p G [0,ra;), then the following hold. Ifu-Ux > 0 and Px+pv ^ Sx, 
then Px + pv E fl. If v' ■ Ux < 0 and Px + pi^ ^ Sx, then Px + pv \ VL. 


In particular, dVL Bx ^ Sx (see Figure]^. 



Figure 5: The sets Sx (shaded), Bx, and flABx (lined). 


Proof. We only prove the first statement, as the proof of the second is analogous. Let us 
assume v ■ Ux > 0 and Px + pv ^ 12, with |z/| = 1 and p > 0. Then 

V<p(Pa:) ■ r' >0 and <p{Px + P^) < 0, 

so we must have V(p{Px) ■ i' < because (p{Px) = 0. Thus 


2i> ■ Ux < 


= ( P_ 

\V(p{Px)\ 


so either p > rx or Px + pvESx- 


□ 


Proof of Lemma 3.6. Let Ux, Sx be from Lemma 3.7 and let Bx := B{Ox, Vx), where 


Ox ■ Px T ^x^x- 
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Then G dB^ and the nnit inner normal to dB^ at Px is Hx- We have dBx r\ Bx P Sx 
because if Px + pi' & dBx H Bx with |n| = 1 and p > 0, then 

lx > P = \i' ■ 'nx\- 


Combining this with Lemma |3.7| directly yields 

{^/\Bx) n -Ba; C Sx, 

with 

n/\Bx := {p\Bx) U {Bx\^) 

the symmetric difference of ^ and Bx (the lined region in Figure]^. Let 

{z-y)- 


(3.28) 


■= 


' Bx 


\z-y\- 


-dy = 27r{V A XsJ(^) 


be the velocity held corresponding to the disc Bx- When \z — Ox\ > Vx, we have by the 
rotational invariance of (and with n the outer unit normal vector to OB {Ox, |^ —Oa;|)) 


UbxO) = 




{z - Ox)- 

I ^ Ox I 

{z - Ox)- 

\z - Ox\ JdB{Ox.,\z-Ox\) 

{z - Ox) 


Iz - Ox 


' B{Ox,\z-Ox\) 


n- 27 rVA ^Xbx^(^ 
XBxWy 


= 7rr; 


{z - Ox)- 


Differentiating this and noting that 

\x - Ox\ =rx + d{x) > Tx, 

yields 

\y^u^^{x)\ < 

' X 


(3.29) 


From the dehnitions of v and we also have (with some C < cxd and a new C < oo) 


iV^nfa;) — (a;)| < 


C 


'M.‘^\Bx 


lx - y\' 

"V* 


;dy + 


C 


'{nABx)nBx 


|x - y\' 


-,dy. 


(3.30) 


= :/ 
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Finally, note that 


dist(a;, Sx) > 


d{x) 


This holds because if Px + pi' E B{x, \d{x)) with \i'\ = 1 and p > 0, then 

TT 1 3 

u ■ Ux > cos — > - and p < -dix) < Tx 
62 ^ - 2 ^ ^ 

(due to d{x) < \rx)-i hence Px + pi' ^ Sx- Also, if \Px — y\ > 2d{x), then 

\Px -y\ <\x -y\+ d{x) < 2\x - y\. 


From these, (3.28), and \6\ < 2| sin^l for |6*| < | we now have 


I < 


\x - y\' 


-,dy 


/ /■ C ^ ^{d{x) 


-3 


\Sx n B{Px,2d{x))\ 


J So,\B{P^,2d{x)) 

r 

JS:,\B{P^,2d{x)) Px — y\ B\X) 

n sc/pY , 8c f py , 

< I — ) Pdp+^I7Z^I 4 ( —) pdp 


J 2 d{x) P \'^x, 
< C,d{x)-^*^rp. 


d{x)^ 


This, (3.30), and (3.29) now yield 

|V2h(x)| < CyxY+'^ry + Cr-\ 
so the result follows from d{x) < ^Vx- 


□ 


4 Finite time blow-up for small a > 0 


In this section we prove Theorem 1^, which is an immediate corollary of Theorem 4.6 
below. 

Let a G (0, A) and e > 0 be a small a-dependent number, to be determined later. Let 
:= X M+, ffi := (e,4) x (0,4), := (2e, 3) x (0,3), and let f2o A D~^ be an open 

set whose boundary is a smooth simple closed curve and which satishes 142 A fig A fli. 


Let u be the unique patch solution to (!.!)-(1.2) with the initial data 


^^(•,0) := Xuo-Xuo 


(4.1) 
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and the maximal time of existence > 0. Here, Hq is the reflection of flo with respect 
to the a: 2 -axis. Then oddness of Uq in xi and the local nniqneness of the solntion imply 
that 


^{•X] - Xn(f) - Xn(f) 


(4.2) 


for t G [0,T^), with fl{t) := <ht(Ho) and fl{t) the reflection of fl{t) with respect to the X 2 - 
axis. Note that Vt{t) is well-dehned dne to Theorem 2^a) and H^{T) C C'^’^(T)). We 
will show that < 00 , that is, u becomes singnlar in hnite time. 


More specihcally, let 


T := 50(3e)^" 


and 


X{t) := 



t 


1/2q; 


for t G [0, T], 


so that 

X\t) 

on [0,T], with X(0) = 3e and X(T) - 
K{t) := {xeD+ : 


lOOCK 

0, and let 


X{t) 


l-2a 


Xi G (X(f),2) and X 2 G (0,a;i)} 


(4.3) 


(4.4) 


(4.5) 


for t G [0,T]. We will show that if > T, then K{t) C H(t) for all t G [0,T]. This 
yields a contradiction becanse then H(T) and H(T) tonch at the origin (and thns they 
also cannot remain 



Fignre 6: The domains and iF(0) (with ojq = xno ~ Xpo)- 
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This result will, in fact, hold for the less regular patches, but in this case we need 
to assume oddness of oj in xi (this is not immediate from the same property of ujq without 
knowing local uniqueness in this class). Before we can prove the result, however, we need 


to obtain some estimates on the velocity u, the most crucial of which is Proposition 4.5 


Remark. The fact that the fraction on the right-hand side of (4.4) blows-up as a —)■ 0 
may seem worrying but e will go to zero quickly as a —)■ 0 (and X{t) G [0,3e]), so this 
growth will be compensated by the term which decays as a —?• 0. 


4.1 Some estimates on the velocity fields 


Let us start with some basic estimates on the fluid velocities for a general u. 


Lemma 4.1. For a G (0, and as in (1.2) with G L^{D) n L°°{D), we 


have 


and 


m 


|l°° ^ 


27r 


1 - 2a 


|M(-,t)||ci-2“ < 


Stt 


+ 2i|w(-, t)\\Li 


||^(•) + 2||ci;(-, f)||2,i. 


(4.6) 


(4.7) 


a(l — 2a) 

Furthermore, if u is weak-* continuous as an L°°{D)-valued function on a time inter¬ 
val [a,h], and is supported inside a fixed compact subset of D for every t G [a,b], then u 
is continuous on D x [a, b]. 


Proof. Let r; : —)■ M be the odd extension of oj{-,t) to the whole plane. The Bio-Savart 


law (1.2) for x G D then becomes 


u{x,t)= [ u^—^^viy)dy, 


\x - y\ 


(4.8) 


and (4.6) follows from 

\u{x, f)| < 

< 

< 


\viy)\ 


|l+2a 


dy 


\viy)\ 


x-y\ 


'|a;—y|<l 1^ y\ J\x—y\>l 

lhlU“ / 1— ^F^^y + Wyh^ 

J\x-y\<i \x-yf+^^ 

271 

|||^(^ ^)||l°° + 2||a;(-, f)|hi. 


1+20 


dy 


l-2a 
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To prove (4.7), consider any x,z E D with r := \x — z\. Then 

'B{x, 2 r) 


\u{x,t) — u{z,t)\ < 


k - y\ 


l+2a 


v{y) dy + 


' B{x, 2 r) 


+ 


[ 

(x - 2/)-^ 

{z - y)^ 

jR' 2 \Bix, 2 r) 

X — J/ 2 + 2 a 

\Z - y 2 + 2 a 


v{y) dy 


v{y) dy 


r- 3 r 


<4:M\v\\l° 

. 127r 

< 


s ds + 32||r7||L= 


rs 


-l-2a 


ds 


32 \ 

1 - 2a ^ 




J 2 r 

\l-2a 


Combining this with (4.6) yields (4.7). 


It remains to prove the last claim. Since the kernel in (4.8) is on any compact 


subset of D, the assumptions show that u is continuous in t G [a, h] for any hxed x E D. 


The claim now follows from uniform continuity of m in x G T*, see (4.7). 


□ 


For y = {yi,y 2 ) E D+ = R+ x M+, we denote y := {yi,-y 2 ) and y := {-yi,y 2 )- 


If E L°°{D) is odd in xi, then (1.2) becomes (we drop t from the notation in this 

sub-section) 


ui{x) = - Ki{x,y)u{y)dy, 
J D+ 

M2(x) = / K2{x,y)u{y)dy, 

J D+ 


where 


Ki{x,y) = 


y2 - X2 


2/2 - X2 


\x - y\ 


2+2a 


\x-y\ 


2 -|- 2 « 


2/2 + X2 


\x + y\ 


2+2a 


+ 


2/2 + X2 

|x - 2/1 


7 / 12+20; ^ 


■v' 

Kii(x,y) 


■v' 

Ki2{x,y) 


IX ( \ 1/1 - , yi + xi 

K2{x,y) = 1-+ 


Ki3ix,y) 
2/1 +Xl 


■ V' 

Ki4ix,y) 


2/1 - Xi 


\x — 2/|2+2“ \x — y|2+2a |a; -|- y|2+2a _ y\^2+2a 

K 2 i{x,y) K 22 {x,y) K 23 {x,y) K 24 {x,y) 

Let us start with some simple observations about Ki and K2. 

Lemma 4 . 2 . For a E ( 0 , |) and x,y E D~^ we have the following: 

(a) Ki{x,y) > Kn{x,y) - K^ix^y). 

(b) sgn(|/2 - X2)(iFii(x,2/) - Ki2{x,y)) > 0 . 

(c) K2{x,y) > K2iix,y) - K 24 ix,y). 

(d) sgn(|/i - xi){K2i{x,y) - K 24 ix,y)) > 0 . 


(4.9) 


(4.10) 


(4.11) 
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Proof. Part (a) is immediate from \x — y\ < |a: + y\ and (b) from \x — y\ < \x — y\. 
Exchanging y and y yields the proofs of (c) and (d). □ 


Our goal will be to show that if the solution with the initial data from (4.1) exists glob¬ 


ally , in which case 0 < a; < 1 on by symmetry, then the patch Q{t) and its reflection 
across the X 2 axis must touch at the origin in hnite time, which is a contradiction. In 
particular, we will need to show that ui is sufficiently negative in an appropriate subset 
of D~^ (at least for some time). We will do this by separately estimating the “bad” part 

- f Ki{x,y)u{y)dy 

J K+ X (0,X2) 


of the integral in (4.9), (where Kn — K 12 < 0) and the “good” part 


/ K,{x,y)u{y)dy 

j]R+x(x2,oo) 

(where Kn — K 12 > 0). We will also obtain similar estimates for the U 2 analogs 


bad/ 

h 


uT'^{x}:= K2{x,y)uj{y)dy, 

J ( 0 ,a:i)x]R+ 


U 


/ K 2 {x,y)u{y)dy. 

' {xi,oo)xM.+ 


Lemma 4.3. Let a G (0, |) and assume that uj is odd in xi and 0 < co < 1 on D~^. 
(a) If X E D+ and X2 < Xi, then 




—a. \ ^1—20 


a \ 1 — 2a 


X 


(b) If X E D~^ and X2 >Xi, then 




x) > - 


a \ 1 — 2a 


- 2-“ 1 


Proof, (a) As 0 < a; < 1 on it follows from Lemma 4.2[ a,b) that 

2/2 -X2 2/2 - X2 


ur{x) < 


< 


’R+x{0,X2) 

f 

'R+x (0,0:2) 

f 

' { 0 , 2 xi)x{ 0 ,X 2 ) 


\X — |/|2+2a 
2/2 - X2 

\x — |/|2+2a 

2/2 - X2 

2+2o 


\X — ^|2+2“ 
2/2 - X 2 


\x-y\ 


2+2a 


uj{y)dy 

dy 


\x - 2/1 


dy. 
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The equality holds due to identity 


2/2 -X2 


I R+x (0,a;2) 


\x - y\ 


2+2a 


dy = 


(2xi,cxd)x(0,X2) 


2/2 - X2 


2+2q 


k - 2/1 


dy, 


that can be verihed by a change of variables yi ^ yi + 2xi. Now, the change of vari¬ 
ables z := X — y, symmetry, together with the assumption X2 < Xi, yield 


u’l^^ix) < 2 


^2 


f ^ . ('^2 I ~2\l+o 

( 0 ,a:i)x(0,3^2) 1^1 ^2) 

’^1/1 1 


dz 


a Jo (zf+xl)’^ 


dzi 


< 


a{l-2af^ 


l-2a 


a 


{2x1) 


-dzi 


a \1 — 2 q; 

The proof of part (b) is analogous to (a). 


- 2-“ 1 


(4.12) 


□ 


In the estimate of the “good” parts of mi,M 2 we will in addition assume that for 
some X G we have ca = 1 on the triangle 

A{x) := {y : yiE {xi, Xi + 1) and 2/2 e ( 2 : 2 , X 2 + yi - Xi)} , (4.13) 

which is depicted in Figure This assumption will feature in the proof of the comparison- 

principle-type result K{t) C Q{t) (mentioned above) in the next sub-section. 



Figure 7: The domain A{x). 
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Lemma 4.4. Let a G (0, |) and assume that oj is odd in xi and for some x G -D+ we 


have OJ > Xa{x) on , with A{x) from (4.13). There exists da G (0,1), depending only 
on a, such that the following hold. 

(a) If Xi < da, then 


Qood 

U\ 


(x) < 


6■20"a 


Xi 


(h) If X 2 < da, then 


w 


good 


(x) > 


-X 


l-2a 


5-8“a 


Proof, (a) Using Lemma 4.2[ a) and then changing variables yi ^ yi + 2xi, we obtain 

2/2 -X2 2/2 - X2 


ur\x) < - 


' A(x) 


' A{x) 


\x — y\ 2 + 2 a |2;_y|2+2a 

y2-X2 


|x - 2/1 


2+2a 


dy + 


• A{x)-\-2xiei 


dy 

2/2 - X2 

\x — 


(4.14) 


dy. 


with Cl := (1,0). Since the last two integrands are the same, after a cancellation due to 
the opposite signs we obtain 


ur\x) < - 


2/2 -X2 


'Ai 


\x - 2/1 


2+2o 


dy' 


‘ A 2 


2/2 - (^2 


2-|-2q: 


|x - 2/1 


dy, 


Ti 


T 2 


with the domains 


:= { 1 / : ?/2 G (X 2 , X 2 + 1) and 2/1 G (xi + 2/2 - X 2 , 3xi + 2/2 - (^ 2 )} , 

A 2 := (xi + 1, 3xi + 1) X (x2, X2 + 1) 

illustrated in Figure]^ Since for y G A 2 we have 2/2 — 2:2 < 1 < |x — 2 /I, we obtain 

T2 ^ 1^2! = 2 xi. 


To control Ti, we first note that its integrand is positive, so we can get a lower bound 
on Ti by only integrating over A[ := Ai fl [M x (x 2 + 2xi, cx))]. For y G we have 

1/ 

y2-X2> ^{yi-xi), 


which yields 


V5{y2 - X 2 ) > |x - y\. 
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Figure 8: The domains Ai and A 2 . 


This gives 


Ti > 5 


— 1—a 




= 5-^-^2xi 
1 


"X2 + l 


(1/2 - X2) 

Xi[(2a;i)-^“-l]. 


(4.15) 


'a;2+23;i 

\-2a 


5^+"a 

Putting the estimates for Ti and T 2 together yields 

good 


(x) < 


5^+"a 


+ 2 ) 


X 


„l-2a 

1 


(4.16) 


_5 ■20“« 

The result now follows for some small enough > 0. 

(b) Using Lemma [4.2[ c) and then the change of variables 2/2 2/2 + 2a;2, we obtain 

yi-xi 2/1 - ^ > 

(4.17) 


u 


ffood^x) > 


' A(x) 


\x — y| 2 + 2 a 

2/1 -3(1 


k - y\ 


2H-2q; 


' A{x) 


\x - y\ 


2+2a 


dy 


2/1 - xi 


’ A(x)+2x2e2 


\x-y\ 


2+2a 


dy, 


with 62 := (0,1). Since the last two integrands are the same, after a cancellation due to 
the opposite signs we obtain 


u 


good 


{x) > 


' B 


2/1 - 3(1 

J \x - |/|2+2a 


dy - 


2/1 - 3(1 


'B 2 


\x - y\ 


2+2a 


dy, 
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with the domains 

Bi := {xi,xi + 1 ) X {x2, 3 x 2 ) , 

B 2 := {y : yie {xi, Xi + 1) and 1/2 G {x 2 + yi - Xi, 3x2 + yi - a^i)} 
illustrated in Figure]^ The change of variables 2/2 t ?/2 — (2/1 — Xi) in the second integral 



Figure 9 : The domains Bi and B2. 


then yields 


ur\^) > 


yi - 


2/1 - 


dy. 


'bi Vl^-2/P+^“ |a:-(2/i,2/2 + 2/i-a;i)|2+2“^ 

Since the integrand is positive, and for 1/ G (xi + 2 x 2 , Xi + 1 ) x {x2, 3 x 2 ) we have 
k - (2/1,2/2 + 2/1 - xi)\^ = 2 \x-y\^ + (1/2 - 0:2)[2(2/1 - ail) - (2/2 - ^2)] > 2 |x - i/p 


due to yi — xi> 2x2 > 2/2 — 212 > 0 , it follows that 

> (1 - 2-1-“) f 


Un 


2/1 - xi 


' {xi+2x2,xi+1)x(x2,3x2) 


k - 2/1 


2+2a 


dy. 


On this domain of integration we have yi — xi > ;^|a; — i/|, so 


ur'^ix) > 2 


-2-2a 


= 2-i-“a;2 


' (2/1 - ail) 

(xi+2x2,xi+l)x(x2,3x2} 

/•xi+1 

-l-2a 


-l-2a 


(2/1 - Xl) °‘dyi = 


' xi+2x2 

1 




dy 


X2[{2X2)-^^-1] 


„2« 


4 ■ 8 “a 22 +^^ 


-Xn 


a 


l-2a 


Xn 


(4.18) 
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The result now follows for some small enough > 0 . 


□ 


The last two lemmas combine to the following result for small a. 


Proposition 4.5. Let a G (0, and assume that uj is odd in xi and for some x G -D+ 
we have Xa{x) < uj < 1 on , with A{x) from (4.13). Then there exists 5a G (0,1), 
depending only on a, such that the following hold. 

(a) If X 2 < Xi < 5a, then 


ui{x) < 


50a 


Xi 


(h) If Xi < X 2 < 5a, then 


U 2 (x) > - Xn 

^ ^ - 50a ^ 


l-2a 


Proof, (a) This is immediate from the last two lemmas and Ui = because 

1 / I 


- 2 " 


6-20" VI-2a 
is increasing in a and its value for a = ^ is less than —1/50. 
(b) Since 5 ■ 8 " < 6 ■ 20", this is analogous to (a). 


□ 


4.2 The finite time singularity analysis 


Let us now return to the setting from the beginning of this section. The initial condition 
we consider is odd in xi, and the resulting unique patch solution is also odd. We 
will run the blow-up argument in the class of the less regular C^’"* patch solutions to 


( 1.1 )-( 1 . 2 ), and show that any such solution either has a finite maximal time of existence 


(i.e., loss of existence) or stops being odd (i.e., loss of uniqueness). Of course, the latter 
cannot happen for the patch solution. 


Theorem 4.6. Let a G (0, ^) and e > 0 be small enough. Let ti;(-,0) he given by (4.1), 
with a bounded open Oq ^ such that (2e, 3) x (0,3) C Oq C (e, 4) x (0,4) and OLIq is 
a smooth simple closed curve. Then for any 7 > there is no odd-in-xi C^’'^ patch 

solution u to (!.!)-(1.2) on any interval [0,T') with T' > 50(3e)^". 


This immediately yields Theorem 1.3 because the (local) solution for this initial 
condition is odd in xi (due to of its uniqueness), and it is for each 7 G (0,1]. 
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Proof. Let us assume that such a solution exists and let T, X{t), K{t) be from (4.Sl¬ 
id^. The solution then has the form (4.2), and we will show that K{t) C VL{t) for each 
t G [0,T]. This is a contradiction because then the patches fi(T) and f2(T) touch at 0. 


As |fl(t)| = |flo| < 16, Lemma 4.1 implies 

||m(-,< 100 


(4.19) 


for all t G [0,T]. Since dfl(t) is continuous in t G [0,T] with respect to the Hausdorff 
distance of sets, the lemma also shows that u is continuous on D x 10, T], 


Consider 6a G (0,1) from Proposition 4.5 and let the constant e in (4.3) satisfy 

e < 


rl/ 2 a 


3 ■ lOOV"' 


We know from (4.19) that the function f{t) := dist(Zl’^ \ K{t)) is continuous 

on [0, T]. Hence, if K{t) is not contained in Q{t) at some t G [0, T], then there is the hrst 
time to G [0,T] such that /(to) = 0. As /(O) > e > 0, we have to > 0 and K{to) C H(to). 

Let us assume that such to exists and let 

Sis := ('S.. X (0, 5). 


Then T = 200 ^5 q,, the estimate (4.19), and 2e < I^q, < 1 imply 


[Z1+ \ H(to)] n Its = 0, 


where we also used that symmetry and Theorem 2.3 yield 


D+\n{t) = ^t{D+\n{0)) (4.20) 

for any t G [0,T]. As to is the hrst time with /(to) = 0, it follows that there exists some 

a;Ga[Zl+\HM]n[/iUJ2], (4.21) 

where Ji = {X(to)} x [0,X(to)) and I 2 is the closed straight segment connecting the 
points (X(to),X(to)) and (5a,(5a) (see Figure [l0|. 

If X G Ji, then the triangle A{x) dehned in ( 4.13[ ) and depicted in Figure satishes 

A{x) C K{to) C H(to) 


because 

X (to) < 3e < 5a < 1- 
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Figure 10: The segments Ji and I 2 and the sets Us and K(to). 


Hence Proposition 4.5[a) and xi = X(to) yield 




Since 


$i„(D+\ll(0))nH(a;,r) ^0 


for any r > 0 and u is continuous, it follows from this and (4.19) that for any sufficiently 
small s G (0, j^[X(to) — 3 : 2 ]) we have 


\ n [(X(to - S), 2) X (0, X(to))] ^ 0. 


From (4.20) and {X{to — s),2) x (0,X(to)) ^ K(to — s) we now obtain /(to — s) = 0 for 
these s, a contradiction with the choice of to¬ 
ff now X E I 2 , so that Xi = X 2 < 5a, a similar argument and Proposition |4.5K a,b) yield 

{-iy-\j{x,to) < 

for j = 1, 2, and thus 


1 l-2a ^ ^ ™1-2q ^ Y'fi- ] 


4,._,(£)+ \ Ji(0)) n [(ii + X(to -s)- X(t„), 2) X (O.Xi - A'((„ - s) + .Y((„))] ^ 


for all small enough s > 0. We again obtain a contradiction because X(to) < Xi = X 2 
implies (xi + X(to — s) — X(to),2) x (0, x\) ^ K(to — s). □ 
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